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Summary  The  effect  of  rotary  inertia  and  shear  effect  becomes  an  important  aspect  for
heavy rotors.  The  Euler—Bernoulli  beam  element  is  used  for  approximation  in  case  of  slender
rotors and  it  is  necessary  for  heavy  rotors  to  consider  rotary  inertia  and  shear  effect.  These
effects tend  to  change  the  mass  and  stiffness  matrix  of  shaft  element.  This  paper  presents
the comparison  of  modal  behaviour  using  Rayleigh  beam  element  which  includes  rotary  iner-
tia effect,  Timoshenko  beam  element  which  includes  both  rotary  inertia  and  shear  effect  with
Euler—Bernoulli  beam  element  which  excludes  both  rotary  inertia  and  shear  effect.  The  con-
vergence of  ﬁrst  three  natural  frequencies  is  shown  and  the  results  are  compared  with  the
experimental  modal  analysis  data.  Upon  comparison  of  the  results  it  is  conﬁrmed  that  rotary
inertia and  shear  effect  gives  more  accurate  results  and  should  be  included  for  the  analytical
calculation  of  dynamic  parameters  of  rotor  system.
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Introduction
Rotors  are  vital  part  of  the  machinery  which  transfers
energy  from  one  part  to  another  through  rotation.  Wide
range  of  application  of  rotors  include  in  electrical  generator,
hydraulic  turbine,  pump,  compressor  etc.  They  are  operated
at  high  speed  and  many  rotors  have  to  operate  at  nearly
equal  to  their  critical  speed,  hence  it  becomes  very  much
necessary  to  study  the  modal  behaviour  of  the  rotor.  The
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ynamic  behaviour  such  as  natural  frequencies,  vibration
odes  should  be  examined  during  the  design  phase  so  as
o  avoid  any  failure  of  the  rotor  system.
Flexible  rotor  on  rigid  bearing  support  has  been  analyzed
sing  different  mathematical  formulations.  Finite  element
ethod  (FEM)  is  a  versatile  method  and  can  be  used  to  obtain
he  critical  speed  behaviour,  unbalance  response  etc.  of  the
otor  system,  beside  many  other  effects  like  rotary  inertia,
yroscopic  effect  can  also  be  included  for  the  shaft  element
Nelson  and  McVaugh,  1976;  Nelson,  1980).  The  convergence
tudy  can  also  be  performed  with  the  help  of  FEM  and  hence
heck  the  accuracy  of  the  results.  It  is  the  intent  of  this
aper  to  show  the  modal  behaviour  of  the  rotor  system
sing  three  different  beam  models  for  discretization,  with
alidation  through  experimentation.  The  Eigen  values  and
ence  the  natural  frequency  of  the  system  is  analytically
icle under the CC BY-NC-ND license (http://creativecommons.org/
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Figure  1  Rotor  co-ordinate  system.
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alculated  through  MATLAB  programming.  Convergence  is
lso  obtained  for  the  rotor  system.  The  results  of  experi-
ental  impact  test  was  performed  for  modal  analysis  and
ompared  with  the  analytical  values.
Modal  analysis  is  one  of  the  most  important  approaches
o  study  the  dynamic  behaviour  of  the  rotor  bearing  system.
EM  is  usually  used  for  dynamics  analysis  of  the  rotor  sys-
em  (Adams,  1980;  Pandovan  et  al.,  1984).  FEM  can  also  be
nvolved  with  other  computational  method  for  development
f  new  approach  like  ‘ﬂexible  substructure’  which  is  used
o  deal  with  the  elastic  coupling  unit  of  the  rotor  bearing
ystem  (Zhou  et  al.,  2002).  FEM  has  also  been  suitable  for
nalyzing  vertical  rotor  system  (Agostini  and  Capello  Souza,
010).
The  experimental  approach  for  modal  analysis  has  proved
o  be  of  great  importance  for  checking  the  new  method-
logies  developed  for  dynamic  analysis.  The  change  in  the
odal  parameters  indicates  the  structural  damage  (Qi  et  al.,
008).
quation of motion
he  general  equation  of  motion  of  the  rotor  system  with  n
egree  of  freedom  in  absence  of  external  force  is  given  by
q¨  +  Cq˙  +  ˝Gq˙ +  Kq  =  0  (1)
here  M  is  the  mass  matrix  of  the  shaft  and  disc  element,  C  is
he  damping  matrix,  ˝  is  the  rotational  speed,  G  is  the  gyro-
copic  matrix,  K  is  the  stiffness  matrix  for  shaft  element  and
 vector  consist  of  the  displacement  and  rotational  at  the
odes.  For  static  condition  and  in  the  absence  of  damping
he  equation  of  motion  reduces  to
q¨  +  Kq  =  0  (2)
The  stiffness  matrix  Ke and  mass  matrix  Me for  con-
tant  cross  section  beam  element  is  obtained  through  strain
nergy  Ue and  kinetic  energy  Te for  beam  element  respec-
ively  (Inman,  2006,  2007).
Fig.  1  shows  the  rotor  co-ordinate  system  used.  The  cen-
re  of  mass  of  the  rotor  is  free  to  translate  along  Ox,  Oy
nd  Oz  axes  by  u,  v  and  w  respectively.  The  effect  of  shear
an  be  seen  in  Fig.  2.  Shear  effect  signiﬁes  that  the  beam
ross  section  does  not  always  remain  perpendicular  to  the
eam  centreline.  The  plane  of  beam  cross  section  shear  by
n  angle  ˇe (shear  angle)  from  the  normal  to  the  beam  centre
ine.
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Figure  2  Shear  effect  in  section  of  a  beam.
xperimental set up
ig.  3  shows  the  experimental  set  up  for  modal  analysis.  The
et  up  consists  of  shaft  with  circular  cross  section  having
ingle  disc  at  mid  span  of  the  shaft.  The  shaft  is  made  of
GP  steel  and  is  supported  on  short  and  rigid  bearings.  The
isc  is  made  of  steel.  Impact  hammer  with  hard  plastic  tip  is
sed  for  impact.  Accelerometer  is  mounted  on  the  bearing
ousing  to  get  the  vibration  signature.
Fig.  4  displays  the  ﬁrst  three  natural  frequencies  of  the
ystem  with  its  amplitude  obtained  through  experimental
odal  analysis.  The  side  band  around  the  natural  frequen-
ies  is  due  to  the  coupling  effect.  The  coupling  used  here  is
exible  coupling.esult and discussion
he  analytical  work  for  studying  the  convergence  of  natural
requency  of  rotor  system  is  performed  through  MATLAB.  The
ental  set  up.
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Figure  4  Experimental  modal  analysis  result.
Table  1  Convergence  of  Natural  frequency  for  three  different  elements  used  to  model  the  shaft.
Number of elements Mode Natural frequency (Hz)
Euler—Bernoulli beam element Rayleigh beam element Timoshenko beam element
4
I 20.9445 20.9441 20.9378
II 163.5641 163.5214 163.4464
III 319.3588 319.2059 318.4475
8
I 20.9443 20.9439 20.9377
II 163.2629 163.2201 163.1333
III 316.6726 316.5215 317.6786
12
I 20.9443 20.9439 20.9376
II 163.2461 163.2033 163.1142
III 316.5116 316.3606 316.4967
16
I 20.9443 20.9439 20.9376
II 163.2432 163.2004 163.1105
III 316.4541 316.3331 316.4614
20
I 20.9443 20.9439 20.9376
II 163.2424 163.1993 163.1093
III 316.4766 316.3255 316.2156
Table  2  Percentage  error  for  different  beam  models  (20  elements).
Mode Experimental natural
frequency (Hz)
Percentage error
Euler—Bernoulli beam element Rayleigh beam element Timoshenko beam element
R
A
A
I
I
N
N
P
QI 19 10.23 
II 159 2.66 
III 316 0.15 
ﬁrst  three  modes  are  calculated  using  three  different  beam
theories.  The  inclusion  of  shear  effect  and  rotary  inertia
gives  the  most  accurate  result  for  the  system.  Table  1  dis-
plays  the  convergence  for  the  ﬁrst  three  natural  frequency
of  the  rotor  system  using  three  different  beam  elements.
The  comparison  with  experimental  values  in  Table  2  shows
decrease  in  the  percentage  error  when  the  rotor  system  is
discretized  into  20  Timoshenko  beam  elements.
Conclusion
The  inclusion  of  shear  effect  and  rotary  inertia  (Timoshenko
beam  element)  plays  an  important  role  in  predicting  the
dynamic  performance  of  the  rotor  system,  specially  for
heavy  rotor  system.  It  is  seen  that  the  percentage  error
decreases  if  the  rotor  system  is  modelled  using  Timoshenko
beam  element  which  includes  shear  effect  and  rotary  iner-
tia.  The  decrease  in  the  error  is  more  prominent  for  the
higher  mode  i.e.  for  the  third  natural  frequency.  Moreover
the  convergence  of  the  natural  frequencies  occurs  as  the
rotor  system  is  discretized  into  more  number  of  elements.
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